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New Approach to Finite-State Modeling
of Unsteady Aerodynamics

C. Venkatesan* and P. P. Friedmannt
University of California, Los Angeles, California

A novel technique used in control engineering for formulating a high-quality, finite-state, unsteady
aerodynamic model by applying Bode plot methods is presented. Indicial response functions for both fixed- and
rotary-wing applications are obtained using these finite-state, unsteady aerodynamic models. It is shown that the
rotary-wing indicial response function has a fundamentally different characteristics when compared to fixed-
wing indicial response. The rotary-wing indicial response function is oscillatory in nature, while the fixed-wing
indicial response function is nonoscillatory. Furthermore, it should be emphasized that this is the first literary
presentation of rotary-wing indicial response function.

Nomenclature

a =lift-curve slope

a;,b; = coefficients in approximate aerodynamic
transfer function

b =blade semichord

C(k) =Theodorsen’s lift deficiency function

C(s) = generalized Theodorsen’s lift deficiency
function

C’ = Loewy’s lift deficiency function

Cr =thrust coefficient

F,G =real and imaginary parts of Theodorsen’s
lift deficiency function, C=F+iG

F',G’ =real and imaginary parts of Loewy’s lift
deficiency function, C=F’ +iG’

G (iw) =transfer function

H2 (k) = Hankel functions of second kind of

. order n; H2=J,—iY,
h, =equivalent wake spacing, =2xU,,/QQb
= Bessel functions of first kind of order n
=modified Bessel functions of second kind
of order n
=reduced frequency, =wb/Qr or wb/U
=lift per unit span of the blade
c =circulatory lift on the airfoil
. =equivalent frequency ratio, =w/QQ
=number of blades in a rotor or ¥%-chord
downwash velocity
=rotor radius
=radial station for the typical blade sec-
tion, r/bQ
s = Laplace variable
=nondimensional Laplace variables;
s=bs/Q0.75R, §=5/Q, s=(b/U)s
= freestream velocity
=induced velocity normal to the rotor
=density of air
=nondimensional time, (0.75R/b)Qt
=fixed- and rotary-wing indicial response
functions, respectively
=r10tor rpm
=frequency

.
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Introduction

T is well known that the role of unsteady aerodynamics is

important for aeroelastic stability and response calcula-
tions in both rotary- and fixed-wing applications. A wide ar-
ray of mathematical models has been developed to represent
unsteady aerodynamic loads, starting from simple and com-
putationally efficient models and culminating in very com-
plicated, computationally expensive models capable of captur-
ing the intricate details of unsteady flow. Two-dimensional,
unsteady aerodynamic theories, which provide analytic ex-
pressions for the unsteady loads on a moving airfoil, are
usually based on the assumption of simple harmonic motion
of the airfoil. Representative theories in this category are: 1)
Theodorsen’s! incompressible, two-dimensional, unsteady
aerodynamic theory and Greenberg’s? extension of Theo-
dorsen’s theory, which accounts for pulsating oncoming flow
velocity and constant angle of attack; these theories have been
developed for fixed wings, however, they have been frequently
used in rotary-wing applications, and 2) Loewy’s® and Ship-
man and Wood’s* theories, which are applicable to a
helicopter rotor in hover and forward flight, respectively.

The fundamental difference between the rotary- and fixed-
wing unsteady aerodynamic theories lies in the modeling of
unsteady wakes due to the airfoil motion. Theodorsen’s
theory, for fixed-wing cases, assumes a planar wake behind
the airfoil extending to infinity; whereas Lowey’s theory, for
rotary wings, assumes an unsteady wake behind and beneath
the reference airfoil extending to infinity in both directions
(Fig. 1). These theories have a significant deficiency when ap-
plied to aeroclastic stability calculations, since the assumption
of simple harmonic motion, upon which they are based, im-
plies that they are strictly valid only at the stability boundary,
and thus provide no information on system damping before or
after the flutter condition is reached. Thus a standard stability
analysis, such as the root locus method, cannot be used in con-
junction with these theories. Furthermore, these unsteady
aerodynamic theories are not suitable for the analyses of
aeroelastic system with active controls—such as higher har-
monic control devices—and the transient response analysis of
aeroelastic system—such as rotor-blade response in forward
flight. Thus, there is a need for unsteady aerodynamic theories
capable of modeling unsteady aerodynamic loads, in the time
domain for finite-time arbitrary motion of an airfoil,
representing the cross section of an oscillating helicopter rotor
blade. (In this paper, ‘‘arbitrary motion’’ is used to denote
growing or decaying oscillations with a certain frequency.) For
finite-time arbitrary motion of the airfoil, such an unsteady
aerodynamic theory has been developed recently for fixed-
wing applications. However, the success in developing similar
theories suitable for rotary-wing applications has been limited.
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A brief summary of the developments in finite-time,
unsteady aerodynamic modeling for fixed-wing applications is
presented for convenience. In the early 1940s, Laplace
transform methods were applied to the problem of unsteady
aerodynamics for finite-time arbitrary motion of an airfoil.*”’
However, certain computational difficulties were encountered
in extending these theories to values of the Laplace transform
variable along the imaginary axis, which represents simple
harmonic motion. Recently, Edwards® resolved the computa-
tional difficulties encountered in the application of the
Laplace transform technique to the unsteady aerodynamics of
a two-dimensional airfoil oscillating in incompressible flow.
He showed that the Laplace transform of the circulatory load
on the airfoil, executing arbitrary motion, is related to the pro-
duct of the Laplace transform of the generalized Theodorsen
function C(s) and the Laplace transform of the %-chord
downwash velocity of the airfoil. In the Laplace domain, the
generalized Theodorsen lift deficiency function C(s) is the
same as replacing ik in Theodorsen’s lift deficiency function
C(k) by the nondimensional Laplace transform variable s.

Recently, Vepa® derived an approximate functional form
for the aerodynamic transfer function corresponding to
Theodorsen’s lift deficiency function in terms of Padé approx-
imants. Knowing the exact lift deficiency function C(k),
Vepa® represented C(k) by the ratio of polynomials
N(ik)/D(ik), where N(ik) and D(ik) are equal-degree
polynomials. Vepa evaluated the coefficients of the various
terms of the polynomials by a least-squares technique and
obtained a very good approximation to C(k). Dowell!® pro-
posed a different procedure for obtaining the approximate ex-
pression for C(k). His approach uses a parameter identifica-
tion technique, in which the time history of the aecrodynamic
load on the airfoil was assumed to consist of sums of exponen-
tials. Applying the fundamental correspondence between the
frequency and time-domain aerodynamic loads, Dowell
evaluated the time constants and the coefficients, which pro-
vide the best fit to the frequency domain representation of the
aerodynamic forces. The approximate representations of
Theodorsen’s lift deficiency function C(k), obtained by Vepa
and Dowell, can be used to model the unsteady aerodynamic
loads produced by completely arbitrary, small, time-
dependent airfoil motions. Since these approximate transfer
functions for C(k) are finite-degree polynomials, they are
also referred to as finite-state models for the unsteady
aerodynamics.

A Dbrief summary of rotary-wing-type unsteady aero-
dynamic theories is provided next. Loewy® was the first to
present a closed-form solution for the unsteady aerodynamic
loads acting on the cross section of a rotor blade performing
simple harmonic oscillations in incompressible flow. The wake
model assumed by Loewy is shown in Fig. 1. Loewy’s
unsteady aerodynamic theory is the rotary-wing counterpart
of Theodorsen’s theory for fixed wings. A clear description of
Loewy’s theory can be found in Ref. 11. The first attempt to
generalize Loewy’s theory for arbitrary motions was under-
taken by Dinyavari and Friedmann.'? In Ref. 12, Loewy’s lift
deficiency function C’ was generalized by replacing ik in the
lift deficiency function by the nondimensional Laplace
operator s. Following Dowell’s procedure,'® a finite-state
Padé approximation to Loewy’s lift deficiency was obtained.
However, the approximate model obtained in this fashion was
incapable of capturing the oscillatory behavior of Loewy’s lift
deficiency function.!? This was a serious shortcoming because
the oscillatory nature of Loewy’s lift deficiency function is a
unique characteristic of the unsteady aerodynamic loads act-
ing on rotating blades.

The primary objectives of this paper are to: 1) present a
novel technique for formulating a high-quality, finite-state,
unsteady aerodynamic model suitable for both fixed- and
rotary-wing applications by using Bode plot methods
employed in control theory, 2) apply this technique to the for-
mulation of the unsteady aerodynamic transfer function for
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Theodorsen’s theory and a rotary-wing unsteady theory, such
as Loewy’s theory, for an airfoil undergoing arbitrary motion
in the time domain, and 3) use the technique to formulate a
rotary-wing-type indicial response function and compare it to
its fixed-wing counterpart.

First, a novel technique for identifying and formulating the
mathematical form of the finite-state, unsteady aerodynamic
transfer function is presented. This technique is based upon
the Bode plot method!3 used in control systems engineering.
Subsequently, the finite-state, unsteady aerodynamic models
are used to obtain indicial response functions for both rotary-
and fixed-wing applications. It is shown that the rotary-wing
indicial response functions are qualitatively different in nature
when compared to its fixed-wing conterpart. For fixed wings,
the indicial response function exhibits a steady exponential
decaying form, for rotary wings, the indicial response func-
tion has an oscillatory form with exponential decay.
Therefore, the rotary-wing indicial response overshoots the
steady value at certain specific times. This feature of the
rotary-wing indicial function has also been observed
experimentally. !4

Finite-State Modeling of Unsteady Aerodynamics
General Overview

In the derivation of unsteady aerodynamic load on a two-
dimensional airfoil in incompressible flow, for finite-time ar-
bitrary motion, Edwards® has shown that the generalized
Theodorsen’s lift deficiency function C(s), obtained for ar-
bitrary motion of the airfoil, can be expressed as

K
CO =R KE W

The circulatory portion of the lift per unit span of the airfoil in
the Laplace domain can be written as

L ($) =apbUC(5)Q(5) 0]

where Q(s) represents the Laplace transform of the ¥4-chord
downwash velocity.

For harmonic airfoil motion, the generalized Theodorsen
lift deficiency function is obtained by replacing s by ik in Eq.
(1), i.e.,

Hi (k)

Clhy=—7—r>1"
w Hi (k) +iH} (k)

=F+iG 3)
Since C(k) given in Eq. (3) is known exactly, Vepa® con-
structed a Padé approximant for C(k) by assuming

N(ik)

(C)]

where N(ik) and D (ik) are polynomials of equal degrees.

N(ik) = (k)" + a,(ik)"~ ' + ... +a, (5)
D(ik) = (ik)" +b,(ik)"~' +...+b, (6)

For nth-degree polynomials, the approximation is referred to as
an [n,n] Padé approximant. The coefficients a,,...,a, and

by,...,b, can be evaluated by minimizing the error
L N(ik;) 12
E [C( k;) _w__(l_!L]
it D(ik;)

where j=1,...,m refers to the value of & at selected m points.
Using a fourth-degree polynomial for N and D; i.e., a [4,4]
Padé approximation, Vepa evaluated the coefficients a and b
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Fig. 1 Loewy’s incompressible aerodynamic model.
by minimizing the modified function
m
Y [C(k)D(ik;) = N(ik))P
j=1

The [4,4] Padé approximant obtained for this case was found
to be very good approximation to the lift deficiency function
C(k).

Dowell'® used a different approach to obtain the approx-
imate functional form of C (k). First, he assumed the indicial
response function for a two-dimensional airfoil in incom-
pressible flow. Since Jones® derived an approximate func-
tional form for Wagner’s indicial lift function, given by

Srw(T) =1.0—0.165¢~ 004557 _ §.335¢ =03 )

Dowell!® assumed an indicial response function similar in
form to Eq. (7):

N
bpw (1) = Y, aetr, 720
Jj=1

_o, 7<0 ®

For a stable or convergent indicial response function, b;
should be negative throughout.

The indicial response function is related to Theodorsen’s lift
deficiency function through a Fourier transform, ! i.e.,

, _ L= Ck) L,
¢FW(T)_2’R_SVW"——”€ e*Tdk ©))

Taking the inverse transform of Eq. (9),

C(k) =ikg dpw (7)e*7d7 10)

Substituting Eq. (8) into Eq. (10) and integrating, C(k)
becomes

N

a;ik
C(k)= S LA 11

In Ref. 10, Dowell first selected b; to be on the negative real
axis, i.e., negative values for b;, to account for a convergent
¢rw (7) given by Eq. (8). Subsequently, the coefficient a; was
determined. Using this procedure, Dowell obtained a very
good approximation to Theodorsen’s lift deficiency function
C (k). The main difference between Vepa’s and Dowell’s pro-
cedures is that Vepa directly assumed an approximate form
for C(k) in terms of a ratio of polynomials, whereas Dowell
began by assuming the indicial response function and deter-
mined the @; coefficients after assigning specific values to b;.
It should be noted that Dowell’s procedure is based on the
assumption that the functional form of the indicial response
function is known a priori.
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In Ref. 12, Dinyavari and Friedmann used Dowell’s pro-
cedure to obtain the approximate transfer function for
Loewy’s lift deficiency function for the cross section of a
helicopter blade. The poles of the transfer function were
placed on the negative real axis in a manner consistent with
Dowell’s assumption of negative values for b;. The a; coeffi-
cients were thus determined. The approximate transfer func-
tion obtained in this manner failed to capture the oscillatory
behavior of Loewy’s lift deficiency function; thus, correlation
between the approximate model and the exact value of
Loewy’s function was found to be poor. It is shown below that
the Bode plot of aerodynamic transfer function provides the
necessary information regarding the nature of the poles and
zeros (such as real or complex) as well as their locations in the
Laplace plane. This information can be used to formulate the
approximate aerodynamic transfer functions in an accurate
and reliable manner.

The Bode Plot and Its Role in Unsteady Aerodynamic Modeling

One of the methods frequently used in the analysis and
design of control systems is the frequency response method.
When using this method, the frequency of the input is varied
over a wide range and the resulting output response is studied.
Using this method, the transfer functions of complicated
systems can be determined. This particular aspect of determin-
ing the transfer function from the frequency response curve
can also be used to formulate approximate transfer functions
for the unsteady aerodynamics of a two-dimensional airfoil
oscillating in incompressible flow. Furthermore, the method is
equally applicable to both fixed- or rotary-wing-type unsteady
aerodynamic theories where the lift deficiency function plays
essentially the role of a transfer function, which relates the
¥ -chord downwash velocity to the aerodynamic load.acting
on the airfoil. Since the lift deficiency functions—such as
Theodorsen’s for the fixed-wing case and Loewy’s for the
rotary-wing case-—are known exactly for simple harmonic mo-
tion of the airfoil, the approximate transfer functions can be
formulated by the application of frequency response tech-
niques used in control system engineering.

One of the methods used for representing the frequency
response of a transfer function is the Bode diagram,!* which
consists of two parts. One is a plot of the logarithm of the
magnitude of the sinuosidal transfer function, the other is a
plot of the phase angle. Both are plotted as a function of fre-
quency on a logarithmic scale. Since only the magnitude vs
frequency plot is needed for the present application, the
following discussion is restricted to this particular aspect of
the Bode plot.

The standard representation of the Bode plot consists of a
logarithmic magnitude of the transfer function G (iw)—i.e., 20
log 1G (iw) | —vs the frequency w.

Since the present aim is to formulate an approximate
transfer function to the unsteady lift deficiency function, in-
formation about the qualitative nature of the poles and zeros,
i.e., whether they are real or complex and where they are
located, is sought. This information can be obtained by
analyzing the Bode plot of the lift deficiency function. A
detailed description of the features of the Bode plot and its
asymptotic properties, which is useful for a more complete
understanding of this paper, can be found in Refs. 13 and 16,
and for the sake of conciseness is not repeated here. The most
important properties of the Bode plots needed for the present
application are summarized below:

1) A + 20 dB/decade change in slope in the asymptotes is in-
dicative of the presence of a real zero, and a — 20 dB/decade
change in slope indicates the presence of a real pole in the
transfer function.

2) Peaks in the Bode plot indicate the presence of complex
poles and complex zeros in the transfer function.

3) A —40 dB/decade change in slope in the asymptotes in-
dicates the presence of either complex poles or two equal real
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poles, and a +40 dB/decade change in slope indicates the
presence of either complex zeros or two equal real zeros.

4) Whenever the slopes of asymptotes of the transfer func-
tion are equal, at low and high frequencies, the transfer func-
tion should have an equal number of poles and zeros.

These properties are directly applicable to the formulation
of approximations to the lift deficiency function, which has
the role of an aerodynamic transfer function in unsteady
aerodynamics.

Finite-State Modeling of Theodorsen’s Lift Deficiency Function

Theodorsen’s lift deficiency function for a two-dimensional
airfoil executing a simple harmonic motion in incompressible
flow is given in exact form by?s

HE (k)

O = m +im®©

=F+iG (12)

The real and imaginary parts of C(k) are shown in Fig. 2.
Figure 3 shows the Bode plot of Theodorsen’s lift deficiency
function. It can be seen from Fig. 3 that the low- and high-
frequency asymptotes have equal slopes with a value of 0

—  Exact
0.9 - —— Present Analysis (kq. 14)
O--0O R. T.Jones- (Ref. 6)
08 \
F
%
0.7 \
0.6 |~
05 ! i —
0 0.5 1.0 15
k
-0.3
-0.2 —
=0 .
G ==
~0.1
1 |
0 05 1.0 1.5

Fig. 2 Theodorsen’s lift deficiency function.

Low Frequency Asymptote 20 logigl = Odb
0 db/decade £
&
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dB/decade. Also, the Bode plot does not show any peaks, and
the slope of the exact curve at any point is less than —20
dB/decade. Therefore, using the general properties of the
Bode plots presented previously, the approximate transfer
function for C(k) must have an equal number of poles and
zeros. Furthermore, the poles and zeros should be real. Based
on these considerations, a second-degree Padé approximation
for C(k) can be assumed in the following form:

_0.5(ik +a,)(ik +a,)
Clh) = (ik + b))k + by)

13)

The transfer function satisfies the condition that C(k) ap-
proaches 0.5 as k& approaches infinity. Imposing the constraint
that C(k)=1 for k=0, the coefficients a,, a,, b, b, are
determined by a least-squares technique by equating the real
and imaginary parts of the transfer function with the real and
imaginary parts of the exact function C(k). The approximate
function obtained in this manner is given by

Clk) = 0.5(@ik +0.135)(ik + 0.651) (19)
" (ik +0.0965)(ik + 0.4555)

The real and imaginary parts of the approximate transfer
function are shown in Fig. 2 along with the exact functions. It
can be seen that the approximate function deviates slightly
from the exact function in the frequency range 0.05<k=<0.5.
For the sake of comparison, Jones’ approximation to
Theodorsen’s function C(k) is also plotted in Fig. 2.

The location of the poles (P,P,) and zeros (Z,,Z,) and the
asymptotic behavior of the approximate function, given in Eq.
(14), are shown in Fig. 3. At very low frequencies, the slope of
the asymptote is 0 dB/decade and the asymptote is the 0 dB
line. At pole P, =-0.0965, the slope of the asymptote
becomes — 20 dB/decade. The transfer function has a zero at
Z,=0.135 and, hence, there is a change of slope of +20
dB/decade. The combined effects of the pole P, and zero Z,
cause the slope of the asymptote at Z, to be 0 dB/decade,
which is indicated by the line Z,P,. At point P,, the function
has a pole P, = —0.4555 and the slope of the asymptote
becomes —20 dB/decade. At point Z,, where there is a zero,
Z, = —10.651, the slope of the asymptote again reverts back to
0 dB/decade.

By including an additional pole and zero in the transfer
function given in Eq. (13), a third-degree [3,3) Padé approx-

db 0 db/decade
L 2 L\ —\pz

-20 db/decade \
-6 Zy

20 logqgIC'
.
o
T

e Exact Curve

\ -20 db/decade

\ High Frequency Asymptote
20 logqg 0.5 = -6.02 db

— = Asymptotic Behaviour of Approximate Function

Fig. 3 Bode plot of Theodorsen’s lift
deficiency function, 2-pole approximation.

"0 db/decade

1072 1071 1
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imation for Theodorsen’s lift deficiency function is obtained.
After including the effect of the additional pole and zero, the
approximate transfer function is given by

0.5(ik +0.088)(ik + 0.37)(ik + 0.922)
(ik +0.072)(ik + 0.261)(ik + 0.80)

C(k)= (15)

The real and imaginary parts of the exact C(k) function
together with the approximate transfer function, given in Eq.
(18), are shown in Fig. 4. It is evident that the [3,3] Padé ap-
proximation gives excellent correlation with the exact C(k)
functions. The location of the poles and zeros and the asymp-
totic behavior of the approximate transfer function, given in
Eq. (15), are shown in Fig. 5. It can be seen from Figs. 5 and 3
that the poles and zeros of the approximate transfer function
lie in the range of k where the Bode plot of the exact transfer
function has a higher slope than at other values of %, i.e.,
0.06 < k < 1.0. This particular feature, which is associated with
the location of the poles and zeros, is very useful for
estimating their initial values. This is an important ingredient
when constructing the approximate transfer function using a
nonlinear least-squares technique.

Exact Theodorsen’s Function

0.9 —— = Present Analysis
0.8
0.7

0.6

05 :

-0.3

-0.2

| i
0.5 1.0

] 15

k

Fig. 4 Theodorsen’s lift deficiency function, 3-pole approximation
[Eq. (15)] (two curves coincide).
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The indicial response function can be obtained by taking the
inverse Fourier transform of the approximate transfer func-
tion, which has been obtained above. Using the {2,2] Padé ap-
proximation, given by Eq. (14), the indicial response function
is

Opw(7) =1.0—0.309e 00957 _ (), 191 ¢~ 0-45557 (16)
Jones’® approximation to Wagner’s indicial response function
is

Spw (1) = 1.0—0.165¢ 004557 — (.335¢ 0% a7n
Comparing these two indicial response functions, it can be
seen that the indicial response obtained herein has a smaller
time constant when compared to those in Jones’ approxi-
mation.

The indicial response function obtained for the [3,3] Padé
approximation, given by Eq. (15), is

dpw (1) =1.0—0.203e 09727 — 0.2362 02617 — 0.06e %% (18)

Finite-State Modeling of Loewy’s Lift Deficiency Function

The procedure described in the preceding section for con-
structing approximations to Theodorsen’s lift deficiency func-
tion is also applicable to the formulation of approximations to
Loewy’s lift deficiency function, which is the rotary-wing
counterpart of Theodorsen’s theory. Loewy’s rotary-wing,
unsteady airfoil theory represents an approximation to the
unsteady aerodynamic loads acting on a rotor-blade cross sec-
tion in hover. The effects of the spiral returning wake beneath
the rotor, shown in Fig. 1, are considered in an approximate
manner. These wake layers represent wakes shed by other
blades, as well as the reference blade in previous revolutions.
The approximation consists of the assumption that the wake
layers extend to infinity before and behind the reference air-
foil. Loewy’s theory is intended for lightly loaded rotors—i.e.,
low inflow conditions—and, similar to Theodorsen’s theory,
is also based on the assumption of simple harmonic motion of
the reference airoil.

Loewy’s lift deficiency function in the frequency domain
for the collective mode of the rotor, where all of the blades
move in phase, is given by!!

C’(k,m,, h,) = H2 (k) +2J,(k) W (kh,,in,)

+ H} (k) +iH3 (k) + 21T, (k) +iJo()1W (kh, ) (19)

Low Frequency Asymptote 20 logqn? = 0db
10

Fig. 5 Bode plot of Theodorsen’s lift deficiency
function, 3-pole approximation, [Eq. (15)].
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where the wake weighting function W is

1

Wi(kh,,m,)= ekhogitning_| *

k>0

=0, k=0 (20)

The quantities %, and 7, for a typical blade section at a radial
distance r from the axis of rotation for a rotor with Q blades
are defined as

1) wb r K, ; fe:L
Qb

27U, R 27

QR Qb  Q(b/r)

mez‘_ﬁQ_:W‘az

- 2wUy
he = =
Q0b

In the definition of the equivalent frequency ratio 7, it
should be noted that for a given blade section at a radial sta-

———— Exact Loewy’s Function

0.8 - —=—— — Approximate Function Eq. (22)

—O—0O Result Ref. 12

04

0.2

Fig. 6 Loewy’s lift deficiency function and its approximation for ex-
ample 1.

Low Frequency Asymptote, 20 logqgl = 0 db
0 db/decade
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tion r from the axis of rotation, 7z, depends on the reduced
frequency k.

It will be shown that the technique based on the Bode plot
developed herein is successful in formulating the approximate
transfer function for Loewy’s lift deficiency function. To il-
lustrate the method, two examples were selected. Example 1 is
the same as that considered in Ref. 12, with 4,=4.0 and
r,=3.0. This case corresponds to a blade section located at a
radial station 0.8R. The rotor consists of four blades with a
blade semichord b/R=0.0667. The rotor is operating at a
thrust coefficient C»=0.058, and the corresponding inflow
ratio is Ng = (Cy/2)** =0.17. These values of C; and \, are
unreasonably high for a helicopter; however, this case was
selected to test the method for an extreme case. For example 2,
Cr=0.005 and the blade section was taken at 0.75R. The
rotor consists of four blades, and the blade semichord is
b/R =0.024. The inflow ratio is \y = (C/2)"* =0.05. The cor-
responding values of A, and 7, are A, =3.2725 and 7, =7.8125.
This example is representative of a typical helicopter
application.

Example 1

The prescribed parameters for example 1 are: #4,=4.0,
r,=3.0, O=4, and C;=0.058 (Ref. 12). The real and im-
aginary parts of Loewy’s exact lift deficiency function C’ are
shown in Fig. 6. Both the real (/) and imaginary (G’) parts of
Loewy’s lift deficiency function exhibit an oscillatory
behavior. Also shown in Fig. 6 is the approximate lift defi-
ciency function obtained in Ref. 12 by using a [5,5] Padé ap-
proximant. The agreement between this approximation and
the exact values of Loewy’s lift deficiency function is poor.
Figure 7 shows the Bode plot of the Loewy’s lift deficiency
function C’. This log-frequency curve exhibits peaks and
valleys. As mentioned previously, the presence of peaks and
valleys in the Bode plot is indicative of complex poles and
complex zeros in the transfer function. Therefore, the approx-
imate transfer function for C’ must have complex poles and
complex zeros. Based on this requirement, the approximate
transfer function selected for C’ is of the form

s o 0.5(k+a)GK) + ikay + a3 [ (1K) + ikay + as]
¢ ke ho)= (ik + b,)[(ik)? + ikby + by 1[(ik)? + kb, + bs]
2n

The approximate transfer function given in Eq. (21) satisfies
the high-frequency limit, therefore, when k approaches «, C’

db

20 logqg IC'l

High Frequency Asymptote,
20 logyg 0.5 = -6.02 db

Fig. 7 Bode plot of Loewy’s lift deficiency
function for example 1.
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Fig. 8 Rotary-wing indicial response function for example 1.
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Fig. 9 Loewy’s lift deficiency function and its approximation for ex-
ample 2.

approaches 0.50. The approximate function, given by Eq.
(21), is capable of representing the complex poles and complex
zeros, depending on the values of the coefficients b,, b;, b,,
bs and a,, ay, a4, as. Since the values of the exact Loewy lift
deficiency function C’ are known at various reduced frequen-
cies k, the coefficients a,,...,as and b,,...,bs can be evaluated.
In this case, the coefficients are evaluated using a nonlinear
least-squares technique based on the Fletcher-Powell
algorithm. After evaluating the coefficients, the approximate
transfer function or lift deficiency function becomes

C’=F' +iG’ = {0.5(ik + 1.153)[(ik)* + 0.131ik + 0.119]
X [(ik)? +0.623ik +0.5313}/{ (ik +0.483)[(ik)? + 0.202ik
+0.1331i(ik)? + 0.893ik +0.561]} 22)

In Fig. 6, the real and imaginary parts of the approximate lift
deficiency function, given by Eq. (22), are plotted together
with the exact values of F’ and G’. It can be seen from Fig. 6
that the approximate transfer function reproduces exactly the
oscillatory nature of Loewy’s lift deficiency function. From
Fig. 6, it is evident that both the real and imaginary parts of
the approximation to Loewy’s lift deficiency function deviate
from the exact values for £ >0.70. The important item to note,
however, is the ability of the approximate function to capture
the oscillatory behavior of the exact function. In this case, the
approximation obtained is much better than that obtained in
Ref. 12, with the same [5,5] order Padé approximation for the
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Table 1 Poles and zeros of the approximate
transfer function used in example 2;
C’ =N(ik)/D(ik) [Eq. 27)]

Poles Zeros
Roots of D(ik) Roots of N(ik)

—0.0200 £70.1293 —0.0138 +i0.1254
—0.0276 £i0.2617 —0.0183+0.2574
—0.0295 +i0.3859 ~0.0212 +70.3847
—~0.0357 +i0.5127 —0.0259 %i0.5085
~0.0382 £i0.6293 —0.0344 +i0.6509
—0.0489 +£40.7558 —0.0511 +i0.7351
—0.0581 +£10.8262 —0.0655 +i0.8459
—0.0487 +i0.9259 —0.0445 +i0.9153
-0.2549 —0.5691

transfer function. Even better approximations could be ob-
tained by adding additional poles and zeros to the transfer
function given in Eq. (21).

It can be seen from Eq. (22) that the roots of the second and
third terms in both the numerator and denominator are com-
plex roots, indicating that the transfer function has complex
zeros and poles. The complex poles are —0.101 + i0.351 and
—0.4465 x i0.601, respectively, while the complex zeros are
—0.0655 = i0.339 and —0.312 + {0.658. The presence of
these complex poles and zeros is indicated by the peaks and
valleys in the Bode plot for Loewy’s exact lift deficiency
function.

An important aspect of the oscillatory behavior of Loewy’s
lift deficiency function is considered next. From linear, incom-
pressible, two-dimensional, unsteady aerodynamic theory for
fixed wings, it can be proven mathematically that Wagner’s in-
dicial response function and Theodorsen’s lift deficiency func-
tion are related by a Fourier transform.'S Since Loewy’s
theory is the rotary-wing counterpart of Theodorsen’s theory,
it is evident by analogy that the rotary-wing indicial response
function and Loewy’s lift deficiency function can also be
related by a Fourier transform. Thus, the rotary-wing indicial
response function can be obtained from the following
relation:

brw(r) =Yar ekrdk 23)

S"" C’ (ik)
—o ik

The approximate transfer funciton, given in Eq. (22), can be
substituted in Eq. (23) for C’. Applying partial fractions and
using a table of inverse Laplace transforms, the approximate

rotary-wing indicial response function can be obtained. In this
case, the approximate indicial response function is given by

drw (1) =1.0-0.942¢ 0485
+e701017(0.177¢0s0.3517 — 0.073sin0.3517)

+ 70467 (0,264¢050.6017 — 0.225in0.6017) (24)

The indicial response function ¢gy (7) is plotted in Fig. 8,
where it can be seen that the indicial response is oscillatory
and, at certain values of 7, the response overshoots the steady
value of 1.0. This result indicates that, for a step change in
angle of attack of the rotor blade, the thrust developed by the
rotor will overshoot the steady value before finally reaching
the steady value. This phenomenon has been experimentally
observed by Carpenter and Fridovitch,'* who noted that for a
rapid change in collective pitch setting of a model rotor, the
measured thrust overshoots the steady value of the thrust.
This is precisely the trend evident from the indicial response
function ¢yw(7) given by Eq. (24) and shown in Fig. 8. Fur-
thermore, it should be noted that this is the first time that a
rotary-wing indicial response function has been presented in
the literature.
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Fig. 10 Bode plot of Loewy’s lift deficiency
function for example 2.

0.01 0.1 k 1.0

In general, the rotary-wing indicial response function can be
written as

N
Srw (1) =1.0— Y] e[ cos0,7+ Bjsines;7] @5)
j=1

The values of A;, B;, and b; depend on the rotor geometry and
rotor operating conditions. They can be evaluated from the
approximate transfer function corresponding to Loewy’s lift
deficiency function defined for that specific rotor.

Recall from the previous discussion of the fixed-wing case
that the indicial response function can be written as

N
dpw (1) =1.0— Y, Ae b7 (26)
Jj=1
Comparing the rotary-wing indicial response functions ¢y
[Eq. (25)], with the fixed-wing indicial response function ¢épy
[Eq. (26)], it can be concluded that the rotary-wing indicial
response function is qualitatively different from the fixed-
wing indicial response function; the former exhibits an
oscillatory nature, whereas the latter is nonoscillatory.

Example 2

The prescribed parameters for example 2 are: 4, =3.2725,
F,=7.8125, Q=4, and C;=0.005. The location of the typical
blade section is selected to be at 0.75R. The blade semichord is
b/R=0.024.

Figure 9 illustrates the real (/') and imaginary (G ") parts of
Loewy’s exact lift deficiency function for the values of
h,=3.2725 and 7, =7.8125. The real and imaginary parts of
Loewy’s lift deficiency function are highly oscillatory. The
Bode plot of Loewy’s lift deficiency funciton is presented in
Fig. 10. The Bode plot has many peaks and valleys. Hence, the
corresponding approximate lift deficiency or transfer function
sought must have as many complex poles and complex zeros as
there are peaks and valleys in the Bode plot. In Fig. 10, the
odd numbers—which correspond to the valleys—indicate
complex zeros, and the even numbers—corresponding to the
peaks—indicate complex poles. For practical situations, high
reduced frequencies above k=1 are not common in rotary-
wing applications. Therefore, in this case, the approximate
transfer function is constructed to capture the first eight com-
plex poles and complex zeros. This approximate transfer func-
tion can be written in the following form:

0.5(ik+a,)

C'(kh,im,) =F +G' =—
(ik +b,)

-

i1 LK) +ayik+ay; )

X
8 [k + byjik + by, 1]

27

~.
il

Table 1 gives all the poles and zeros of the approximate
transfer function represented by Eq. (27). It can be seen that
there are eight complex poles and eight complex zeros, in addi-
tion to one real pole and a real zero. The details of the calcula-
tions of the poles and zeros are given in Ref. 16.

In Fig. 9, the real and imaginary parts of the approximate
lift deficiency or transfer function are shown together with
Loewy’s exact lift deficiency function. It can be seen that the
approximate transfer function follows Loewy’s exact lift defi-
ciency function, and the agreement between the two curves is
very good. The indicial response function obtained using this
approximate transfer function!® overshoots the steady value
of the response at certain values of time 7, and the indicial
response function is qualitatively similar to the indicial
response function obtained for the first example shown in
Fig. 8.

Finally, it should be noted that Loewy’s lift deficiency func-
tion was used in its original form herein. However, it has been
shown in Refs. 17 and 18 that the zero-frequency limit of
Loewy’s lift deficiency function does not approach unity as
the reduced frequency approaches zero.

Concluding Remarks

In unsteady aerodynamic theories, the lift deficiency func-
tion plays the role of an aerodynamic transfer function
relating the ¥%-chord downwash velocity to the lift on the air-
foil. Therefore, the Bode plot of the lift deficiency function
can be used to obtain important information regarding the
qualitative nature of the poles and zeros as well as their loca-
tions. Using this information, approximate finite-state lift
deficiency functions were formulated successfully for both
fixed- and rotary-wing applications, such as Theodorsen’s and
Loewy’s lift deficiency functions.

Based on the approximate transfer function obtained for
the lift deficiency functions, the indicial response functions
were evaluated. It was found that the rotary-wing indicial
response function has an oscillatory nature, which causes the
indicial response to overshoot its steady-state value before
reaching it. This behavior is also consistent with experimental
evidence.' On the other hand, the fixed-wing indicial
response is nonoscillatory. Furthermore, it should be em-
phasized that this is the first time that a rotary-wing indicial
response function has been presented in the literature.

The finite-state, unsteady aerodynamic model obtained in
the present study has a number of important potential applica-
tions in rotary-wing aeroelastic stability and response studies,
such as: 1) rotary-wing aeroelastic stability and response prob-
lems in forward flight, 2) simulation of subcritical flutter
testing of rotors where the determination of damping levels is
important before actual flutter boundaries are encountered,
and 3) treatment of rotary-wing aeroelastic systems with active
feed-back control systems, such as higher harmonic controls.
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Finally, it should be noted that the present study should be
viewed as a contribution to the much broader field of unsteady
airfoils, which has been reviewed in detail in Ref. 19.
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